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1 Foundation

Property 1. If 4 is the MLE estimate of 6, then it has the following property:

2 Main content

2.1 G-computation & IPTW
Assumptions(Neal; Benkeser; Nabi)

1. Consistency

j—

If the treatment is T, then the observed outcome Y is the potential outcome under treatment T. Formally,

T=t=Y=Y(t)
We could write this equivalently as follow:

Y =Y(T)

The consistency assumption states that a patients counterfactual outcome under their observed treatment
history is the outcome that we actually observe. (It might seem like consistency is obviously true, but
that is not always the case. For example, if the treatment specification is simply “get a dog” or “don’t
get a dog,” this can be too coarse to yield consistency. It might be that if I were to get a puppy, I would
observe Y = 1 (happiness) because I needed an energetic friend, but if I were to get an old, low-energy
dog, I would observe Y = 0 (unhappiness). However, both of these treatments fall under the category of
“get a dog,” so both correspond to T = 1. This means that Y(1) is not well defined, since it will be 1 or 0,
depending on something that is not captured by the treatment specification. In this sense, consistency
encompasses the assumption that is sometimes referred to as “no multiple versions of treatment.”)

2. Positivity

For all values of covariates x present in the population of interest (i.e. x such that P(X = z) > .0),

0<PT=1|X=2)<1
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3. Conditional Exchangeability (randomization condition)
(Y(1),Y(0)) LT| X
4. No Interference
Yi(te, oo tioa,tistipn, -, tn) = Y5 (4)

No interference means that my outcome is unaffected by anyone else’s treatment. Rather, my outcome is
only a function of my own treatment.

Theorem 2.1. G-computation
Given the assumptions of unconfoundedness, positivity, consistency, and no interference, we can identify the average
treatment effect:
EY(1)-Y(0)=Ex[EY |T=1,X]-E[Y | T =0,X]]
Proof:
Z E[Y(t)| X =z]P(X =x) (Double expectation theorem)

= Z ElY(#)|T=t,X =z]P(X =z) (conditional exchangeability)
= Z EY|T=tX=x)P(X =1x) (consistency positivity)

Theorem 2.2. Inverse Probability Weighting (IPW)
Given the assumptions of unconfoundedness, positivity, consistency, and no interference, we can identify the average
treatment effect:

L [UT=t)Y
=0 (0] =€ | 773y |
Proof:
The IPTW formula is equivalent to the G-computation formula.
I(r=1y | _ _J I(T=1)Y .
{P(T m—y X)] =F _E {P(T 1) | T, X (Double expectation theorem)

B I(T=1)
=F FT=T] X)E(Y | T,X)}
_ I(r=1) -

_ I(T=1)
_E_E{P(T:HX)
[E(Y |T=1,X)
| P(T=1]X)

EY|T=1,X)|X H (Double expectation theorem)

P(T=1|X)| =E[EY |T=1,X)]

Theorem 2.3. Augumented IPW (Doubly robust)
Given the assumptions of unconfoundedness, positivity, consistency, and no interference, we can identify:

I(A=a)

aTx < EV 1A XD +EY | A=aX]

E[Y*| =E[E[Y | A = a, X]]—E{
This method is doubly robust that as long as either the propensity score or outcome regression is correctly specified,
the estimation is then unbiased.

Proof:
[1(A=a)

ek X (¥ = b0, X)) + ba, Xi)| ~ EDba, X

gla;a,m) —g(a) =E

_ | ma(X) .
& |y (0. X0~ Xim) + (e Xi) =0 )
=E |(b(a, X;n) — b(a, X)) x < W()((Xl)ﬂ

where E[Y | A =a, X = 2)] = b(a,z) and 7, (x) = p(a | )
Question 2(BIOS760R quiz2): Assume we are interested in the average total effect (ATE) of a point exposure

A on an outcome Y, defined as ATE = E [Yl — Yo]. In order to identify the ATE as a function of observed
data, we discussed the conditionally-ignorable model which encodes the following three assumptions:
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* Consistency: the potential outcome is the same of the observed outcome if the (hypothetical) intervention
value is the same as the observed value of the treatment, i.e., Y% =Y if A = a.

* Conditional ignorability: Y?A | X, for a = 0,1 (where X is a set of observed variables.)
* Positivity: p(A=a | X = x) > 0 for all x where p(X =z) > 0.
Under the above assumptions, show that:

1. E[Y?] can be identified via the adjustment functional, i.e., E[Y*] = E[E[Y | A = a, X]].

E[Y*|=E[E(y|x,A=a)] (Double expectation over X, conditional ignorability, and consistency—> G-comp)

:Zyp(ylx,A:a)p(w)
—ZI a)yp (y | 2, A= d')p(x)

*ZI —wm p(y|e,A=d)p(A=d | 2)p(x)

2. The adjustment functional has a dual representation in terms of the IPW functional, i.e., E[E[Y | A =

a, X]] = E[( e ;XY}

B [HAZ@Y} _E -I(A:a)y}

| P(A=a]X)
I(A=a) B .
mE[Y |A=a,X ]} (Double expectation over A, X)

P(A=a|X)

=F|E[Y | A=a,X]- PA—a| X)} (Double expectation over X)

— BIE[Y | A=a,X]]

3. Bonus point: IPW and adjustment functionals have a third equivalent representation in form of the
Augmented IPW functional I' That is,

EE[Y |A=a X]]=E X (Y —E[Y | A, X]) +E[Y | A= a,X]

2.2 do-calculus

2.2.1 Intervention

Intervention vs Condition(Glymour et al.): The difference between intervening on a variable and condition-
ing on that variable should, hopefully, be obvious. When we intervene on a variable in a model, we fix its
value. We change the system, and the values of other variables often change as a result. When we condition on
a variable, we change nothing; we merely narrow our focus to the subset of cases in which the variable takes
the value we are interested in. What changes, then, is our perception about the world, not the world itself.
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Population Subpopulations Conditioning Intervening

Figure 1: Illustration of the difference between conditioning and intervening (Neal)

Graphically: When we intervene to fix the value of a variable, we curtail the natural tendency of that variable
to vary in response to other variables in nature. This amounts to performing a kind of surgery on the graphical
model, removing all edges directed into that variable.

Notation: In notation, we distinguish between cases where a variable X takes a value x naturally and cases
where we fix X = x by denoting the latter do(X = z).

Assumption 2.1 ((Modularity / Independent Mechanisms / Invariance). If we intervene on a set of nodes
S C [n], then for all i, we have the following:

1. ifi ¢ S, then P (z; | pa;) remains unchanged

2. ifi € S, then P(x;|pa;) = 1if x; is the value that X; was set to by the intervention; otherwise,
P(xz; | pa;) =0

We assume that intervening on a variable X; only changes the causal mechanism for X;; it does not change
the causal mechanisms that generate any other variables(Neal). In other words, intervention has no “side
effects,” that is, that assigning the value z; for the valuable X; for an individual does not alter subsequent
variables in a direct way. For example, being “assigned” a drug might have a different effect on recovery than
being forced to take the drug against one’s religious objections. When side effects are present, they need to be
specified explicitly in the model(Glymour et al.).

2.2.2 The adjustment formula
Example 1. The causal effect of P(Y = y | do(X = xz)) is equal to the conditional probability P, (Y =y |

X = z) ) that prevails in the manipulated model of 6b. The key to computing the causal effect lies in the
observation that P,,, the manipulated probability, shares two essential properties with P.

U
U, l z
L 7 Gender Z
Uy Uy I \UY iZEilood pressure
i—-—yﬂeocvew ' . - }-}
= Recove
drug usage X=ux Y Drug usage eeover
(a) original (b) intervention (c) no intervention need

Figure 2: A graphical model representing the effects of a new drug, with Z representing gender, X standing for
drug usage, and Y standing for recovery

We have the following observations
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1. the marginal probability P(Z = z) is invariant under the intervention, because the process determining
Z is not affected by removing the arrow from Z to X

2. the conditional probability P(Y = y | Z = 2z, X = ) is invariant, because the process by which ¥
respondsto X and Z, Y = f (z, z, uy ) remains the same, regardless of whether X changes spontaneously
or by deliberate manipulation.

Thus,
P,.Y=y|Z=2X=2)=PY=y|Z=2X=2) and P,(Z=2z2)=P(Z==2)

and
P(Y =Yy | dO(X = x)) = Pm(Y =Y | X = J?) (by definition)
=Y Pu(Y=y|X=2,Z2=2)Pu(Z=2|X =1)

=Y Pu(Y=y|X=2,2=2)Pn(Z=2)

:ZP(Y:y|X:x,Z:z)P(Z:z)

In graphical models, an intervention is simulated by severing all arrows that enter the manipulated variable X.
Figure 2c shows no arrow entering X, since X has no parents. This means that no surgery is required, which
gives us the license to treat X as a randomized treatment. Thus

PY=y|do(X=2)=PY=y|X=x)

The general rule following this example is

Theorem 2.4 (The Causal Effect Rule). Given a graph G in which a set of variables P A are designated as the
parents of X, the causal effect of X on Y is given by

P(Y =y|do(X ZP =y| X =a,PA=2)P(PA=2)

where z ranges over all the combinations of values that the variables in PA can take.

If we multiply and divide the summand by the probability P(X = z | PA = z), we get a form similar to IPW

P(X =2 Y=y, PA=2z)
Py |d =
W) =Y =5 =
Multiple intervention
We simply write down the product decomposition of the preintervention distribution, and strike out all factors
that correspond to variables in the intervention set

P(x1,29,...,2, | do(x HP x; | pa;)  for all ¢ with X; notin X

2.2.3 The backdoor criterion

[Adjusting for variables other than parents]

In the above discussion, we came to the conclusion that we should adjust for a variable’s parents, when trying
to determine its effect on another variable. But often, we know, or believe, that the variables have unmeasured
parents that, though represented in the graph, may be inaccessible for measurement. In those cases, we need
to find an alternative set of variables to adjust for.

Theorem 2.5 ((The Backdoor Criterion). Given an ordered pair of variables (X,Y) in a directed acyclic graph G,
a set of variables Z satisfies the backdoor criterion relative to (X,Y") if no node in Z is a descendant of X, and Z
blocks every path between X and Y that contains an arrow into X.

If a set of variables Z satisfies the backdoor criterion for X and Y, then the causal effect of X on Y is given by the
formula

P(Y =y | do(X ZP =y| X =2,Z=2)P(Z=2)
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The logic behind the backdoor criterion is fairly straightforward. In general, we would like to condition on a
set of nodes Z such that

1. We block all spurious paths between X and Y
2. We leave all directed paths from X to Y unperturbed
3. We create no new spurious paths

Here are two tricky cases

Ur

X Y

(a) effect modification (b) unavoidable collider

Figure 3: Two special cases in applying backdoor criterion

* In 3a, suppose we want to get P(Y =y | do(X = z), W = w). However, conditioning on W opens new
backdoor path, we need to further condition on 7" to break such path

P(Y =y|do(X =2),W=w)=Y PY=y|X=2,W=wT=t)P(T=t|W=uw)
t

* The examples so far give the impression that one should refrain from adjusting for colliders. But in 3b,
adjusting for collider Z is unavoidable. Therefore, we need to condition on additional variable(s). So
overall, we can condition on {E, Z},{A, Z}, or {E, Z, A}

2.2.4 The Front-Door Criterion
[through two consecutive applications of the backdoor criterion]

Theorem 2.6 (The Frontdoor Criterion). A set of variables Z is said to satisfy the front-door criterion relative to
an ordered pair of variables (X,Y) if

1. Z intercepts all directed paths from X to Y
2. There is no unblocked path from X to Z

3. All backdoor paths from Z to'Y are blocked by X

If Z satisfies the front-door criterion relative to (X,Y) and if P(x,z) > 0, then the causal effect of X on 'Y is
identifiable and is given by the formula

Py | do(z)) =) P(z|2)) Plyl|a',2) P(a))

One example where the Front-door Criterion is applicable

U
Genotype

X Z Y
Smoking . et Lung
deposits cancer

Figure 4: Illustration of the difference between conditioning and intervening (Neal)

Go to page 1 6



2.3 Semi-parametric odds ratio model (Chen)

2.3.1 0Odds ratio related definitions

Let’s define

Relative risk

Odds

Odds ratio

Connection

Disease Exposure Total
Yes No
Yes ni n12 niy
No no1 M2 noy
Total Ny ny2 Nyt

Table 1: Counts on disease and exposure status

p11:P(D— Yes |E_ Yes)
pi2=P(D = Yes | E= No)
q11 =P(E= Yes | D= Yes)
go1 = P(E= No | D= Yes)

RR(D = Yes) = P11

P12

Odds(D = Yes) = qu

421

0dds(D = No) = 112

q22

Odds(D = Yes )

OR = 5 das(D = No)

OR _ P11P22 _ RR(D = Yes)
P12P21 RR(D = No)

Similarly for the J*K table Define

X
Y 1 2 ... K Total
1 ni1 M2 v MK | N1y
2 Nno1 M2z ' M2k | Noy
J njg Nj2 - NJg | Nyt
Total nyp Ny2 . Ny g N+

Table 2: Count in a J*K table

pik=PY =j| X =k)
G =P(X =k |Y =)
hix =P(Y =j, X =k)

Odds ratio with J, K as reference level

Jk(J K) PriPKJ

PkJPK;j
9jk(=L K)= ki qK J
qdrkJ4dK
hjrhrr
0:(J K) = -2
Jk( ) thth

Connection between OR with different reference

Go to page 1
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0;1(J, K)b1x(J, K)




0Odds ratio representation of conditional and joint distribution

0, K)pjk
pjk} - J
> =10k, K)pjx

01 (J, K)qrg

= Sy 05k (J, K)o
e = O K el

> i=1 2okt Ok (L K)o
hip = 01 (J, K)pjrqr.g

Y e
D im1 2ok Ok (J K)Pjk qry

Odds ratio with condition

Define
pjkm:P(Y:j|X:k;,Z:m)
Gjm =P(X =k |Y =j,Z=m)
hjkm = P(Y =§,X =k | Z =m)
then

ejk(c], K)(m) — pjkmpJKm
PiKmPJIkm

Odds ratio representation of conditional and joint distribution

ij(J K)(m)pjxm

B T 0 K) (m)p e
o — bR )
Zk 1 Jk(J K)(m)qx.m
Bjkm = 0k (J, K)(m)pj kmQrim
Z] 1219 195k (J, K)(m)pj kmQk.m

2.3.2 0dds ratio function

Let a(y, z) be an arbitrary positive domain ) x X. Define the odds ratio function corresponding to the positive
function relative to a reference point (yg,zo) € Y x X as

aly, z)a (Yo, o)

Na {(y:90) 5 (z,0)} = a(yo, =) a (y, o)

it follows L

Mo {(¥,90); (T, 70)} = [Ma{(Y0,v); (¥, 70)}]
M0 {(y,%0) 5 (2, 20)} = [na {(¥,50) ; (z0,2)}]
Na {(¥,90) 5 (2, 20)} = 00 {(Y0,y) ; (x0, )}

Odds ratio function with different reference point can transform as follows

77{( )7(95,330)}77{(11171/0);(5517550)}

1y, 91); (2 210)} = 77{(y,yo),(a:l,aco)}n{(yhyo);(33’1‘0)}

The odds ratio function has the following properties

n{(y,y0); (z,20)} >0
n{(yo, o) ; (x,x0)} = 1
n{(y,y0); (w0, w0)} =1

Any bivariate function has the above three properties is an odds ratio function.
0Odds ratio decomposition of density function
Let p(y | =) takes the role of a(y, =) then

p(y | 2)p (yo | o)
P | zo)p(vo | )

np{(y Yo); (w,20)} =

Go to page 1 8



Example 2. For the logistic regression we have

exp {y (Bo + 1)}
1 +exp (Bo + prz)

then the odds ratio function has the following form

ply|z) =

n{(y:90) ; (z,20)} = exp{B1 (y — yo) (z — o)}

In particular,
n{(y =190 =0);(x =120 = 0)} = exp (b1)
that’s why (3, is odds interpreted as the log odds ratio

0Odds ratio representation of density functions

n{(y;v0); (x,20)} p (y | o)

PU1) = T lw0): 200} p (0] 50)
a(z | y) = n{(y,v0); (7, 20)} g (z | yo)

f77{ (¥,90) 5 (x,20)} g (| yo) d
h(y,z) = n{(y yo) (z,20)} h (y,70) h (Y0, 7)

JIn{(y.v0) ; (z,20)} b (y, %0) b (yo, ) dydz

Odds ratio representation of a joint conditional density From

p(y | x,z)p (o | @0, 2)
p(yo | z,2)p(y | 2o, 2)
q(x |y, 2)q (zo | Yo, 2)
q(zo |y, 2)q(z | Yo, 2)
h(y, @ | 2)h (yo, 2o | 2)
h(yo,z | 2) h(y,z0 | 2)

Nep { (Y, 90) ; (7, 0) | 2} =

Neg { (¥, 0) 5 (%, 20) | 2} =

Nen {(Y,90) 5 (T, m0) | 2} =

we can get
Uc{(y yo) (z, o) | 2} p(y | @o,2)
T,z
Pl )= S e {(yw0) 3 (x,20) | 2} p (y | w0, 2) dy
e T,x z T , 2
o |y 2) = - {(y yo); (x,x0) | 2} g (= | yo, 2)
Jned(y,p0) s (z,20) | 2} a (| yo, 2) do
h 77c{(y,yo) (@, o) | 2} p(y |, 20, 2) ¢ (@ | Yo, 2)
y,x | z) =
JIne {(ys0) ;s (z,20) | 2} p (y | 20, 2) g (2 | yo, 2) dydzx
Relationship between conditional and uncondltlonal odds ratio functions

) (ool = G

_ b(yw%.a Z)b(y()w%.()vz) b(y7x0a Z) b(y07m0720)

b (vo, x, 2) p (¥, o, 2) b (Yo, o, 2) b (¥, Zo, 20)
=n{(,y0); (x,20) | 2} n{(y,90); (2,20) | w0}

which implies that
1y, y0) ;{(=, 2), (x0, 20)}]
n{(y vo); (@, 20) | 2}

=n{(v,%0);(2,20) | w0}

also note that
n{(yv0); (2, 20) | w0} = 1[(y,90) ; {(0, 2) , (w0, 20)}]
(cause n {(y,yo); (zo,x0) | z} = 1) thus we have

(x,mo) | 2) = 1y, y0) ; {(2, 2), (zo, 20)}]
n{(y:v0); (z,20) | 2} 7100 90): (@0, 2) . (@, 20) 1]

Since x and z are in symmetric positions, we have

11y, y0); {(z,2), (0, 20)}] = 1 {(¥,50); (2, 20) | ) 0 {(y,90); (x,70) | 20}

and

n [(yv yO) ; {([E, Z)v (Io, ZO)}]
n [(y7 yO) ) {(LU, ZO) ) (xOv ZO)H

n{(y,y0);(2,20) | v} =
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2.4 Types of graphs

From (Sherman and Shpitser)

wined grogi (MG
"‘l’?“' Aok evtoans divested (= 3
bidiveored (=2 > andl andivected (— ) .41_$

\\/M ":wﬁol‘la directed obe s

no  terrer hes  botin neiaum 2 Sib]}wﬂs

;q}me&. wiked- %wq\v (56"

\:’"ﬁm* edge,
no bidiveckedl “L‘Iv’

chovin avx‘w (cqg) wcbc Ji\v&teol wixed. zya?k_ (ADMC-])
o hdiresred. edo‘o, O
wo diveme X rorihcaac). “!f(%
edge P
wndirered edae (U6 diveore d_ Mfelic qrape DG )

Razieh’s graph
A hierarchy of graphs

o puhi ,}.‘..“LJ c-sd‘.t.
-Sfaub”\.w'\ ph(.w,J—A‘q- g™
‘\ Seyregubel  Conphy l

fj‘ QJ o L"“’]"r.‘

L,

| Acwcd Divech AAL R A e
| (A ) \
i 7 (i W
QD &
LT ¢ e
H %
% e
\ Ak (€ '.'i" \\ \ ‘ (
1
\ M, .f'\-.\‘-\\“-‘;_ Conph ’ "
\ ( MAG) !
X

Mgl Avk Conpla |
K.\\»\- & \
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3 Mediation analysis

We are interested in
1. Directed effect: A — Y

2. Indirect effect: A — M — Y

X
A > M > Y
Figure 5: Mediation
Two common violation of mediation analysis is
1. exposure-mediator confounders
2. mediator-outcome confounders
«
- /a\‘
(a) exposure-mediator confounders (b) mediator-outcome confounders

Figure 6: Issues with the common approach to mediation

3.1 Mediation effects

1. Controlled direct effect (CDE)
CDE(m) = E[Y(1,m) — Y(0,m)]

we need
E[Y (a,m)]

to compute the controlled direct effect

2. Natural indirect effect (NID)
NIE = E[Y(1,M(1)) — Y(1,M(0))]

3. Natural direct effect (NDE)
NDE = E[Y (1, M(0)) — Y (0, M(0))]

we need
E[Y (a, M (a'))]

to compute the natural direct and indirect effects

Go to page 1
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Relationships
ATE = E[Y'(1)] - E[Y(0)]

= E[Y/(1, M(1))] - E[Y'(0, M(0))]
= E[Y(1, M(1))] — E[Y (1, M(0))] + E[Y'(1, M(0))] — E[Y (0, M(0))]
= NIE + NDE
Identification assumptions for E[Y (a, m)]
1. Conditional randomization/ignorability:

« V() LA|X
« Y(m)LM]|AX

Without additional information, the conditional randomization condition is untestable (or empirically
unverifiable) since it does not constrain the observed data distribution. These conditions must be justified
by prior knowledge and scrutinized carefully.

2. Positivity:

* p(A=a| X ==z)>0if p(X = 2 > 0) (treatment positivity)
s p(M=m|A=a,X =2z)>0if p(X =z > 0) (mediator positivity)

The plausibility of this condition can usually be assessed empirically.

3. Consistency

Under above assumptions

p(Y(a,m) —pmep (a,m)| X =2) xp(X =x)
—‘gZp (a,m)|A=a, M =m,X =z) xp(X =x)
ZpY|A=a,M:m,X:x)><p(X:x)

and

x(Y—EY |AMX])+EY|A=aM=m,X]
It’s efficient influence function is

0
Ew ((l, m; Pe)

e=0

_ / y% {dP.(y | a,m, x)dP.(x)}

e=0

_ / y% {dP.(y | a,m, z)} dP(x)

+ [Py | om0 5 (aP )

e=0 e=0

- / ySe(y | a,m, 2)dP(y | a,m, z)dP(z) + / yS.(2)dP(y | a,m, z)dP(z)

I ! — ! —
= [ Iy dda) P (o) + [ €DV am,a]S.(2)dP ()

_ / o' =am' =m) ety | 0 ma])S. (y | am', 2) dP(0) + /(E[Y | a,m, 2] — ¥(a,m))S. ()dP(z)

p(a’,m' | z)

mo [HEZ ST Y | a,m, X])S.(0)P() + [ (€Y | avmn.a] = ba,m))S. ()P0

p(a’,m' | x)

_ / { | (a’ — a,m/ = m) (y _ E[Y | a’m7X]) + E[Y | a7m,x] — w(a,m)} SE(O)dP(O)

p(a’,m' | x)
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*E[Sc(y|a,m' z)|a,m' z] =0and E[Sc(z)] =0
ex U o) () ELY | aym, X])S, (a',m!, 2) dP(o) = 0

Therefore

CDE(m) =E[E[Y |A=1,M =m,X] —E[Y | A=0,M = m, X]]

(A=1,M=m)xY (A=0,M=m)xY
- [ (A:lX)Xp(M:m|A:1,X)p(A:O|X)><p(M:m|A:O,X)}
:E[{ (A=1,M =m) 3 I(A=0,M =m) }Y
A=1|X)xpM=m|A=1,X) p(A=0|X)xp(M=m|A=0,X)

ElY |[A=1,M =m,X]—E[Y |A=0,M =m, X]

Identification assumptions for E[Y (a, M (a’))]
1. Conditional ignorability:

* Y(a) L A| X (same as in CDE)
* Y(m) L M| A, X (same as in CDE)
* M(a) LA|X

2. Cross-world assumption:
Y(a,m) L M (a') | X

it can be think of as separable direct effect

X

/1\ Pl

Figure 7: separable direct effect

3. Positivity: (same as in CDE)

* p(A=a| X =2)>0if p(X =z > 0) (treatment positivity)
e p(M=m|A=a,X =1z)>0if p(X =z > 0) (mediator positivity)

4. Consistency: (same as in CDE)

With these assumptions
p(Y (a, M (a depr M (a') = m)
— prob Zp(wa,m),M(a') — m,x)
_pronzp (a,m) | M (a') =m,x) x p(M(a')=m | z) x p(z)
>Zp (a,m) | z) x p(M (d') =m | ) x p(z)
_ Gani Zp(y(@m) |A=a,2) xp(M(d)=m|A=d, z)x p(x)
:cw)zp m)|A=a,M =m,z)xp(M=m|A=d, z)xp(x)

m,xr

=S p(V [ A=a,m.a) xp(M =m | A=d,z) x plx)

m,r

Go to page 1 13



E[Y (e,M(a)] =) EY |A=a,ma]xp(M=m|A=d z)xp(x)

:;[m E[E[Y | A=a, M, X] |A7a X
i
o[

I(A ,_| )2) ( (m avX)—/b(m,a,X)gM (m|d,X) dy(m))

/b m,a, X)g m|a',X)d1/(m)}

where

EY | M =m,A=qa,X = 2]
p(M=m|A=a,X =21
p(A=a| X =2)

b(m,a,x) :

gu(m | a,z):

gala|z):

3.2 Multiple mediators

For 8, there are multiple causal pathways:

A=Y
A—L—Y
A—-L—->M-—>Y
A—>M—=Y

Figure 8: Multiple mediators

we might be interested in
¢ effect of A onY through L. That is

-A—-L—>Y
- AL —->M-—=>Y

which can be expressed as
E[Y (a,L(d'), M (a,L(da')))] - E[Y(a)]

Figure 9: example of an identified effect

¢ effect of A on Y through L that doesn’t go through M. That is
A—=-L—-Y
which can be expressed as

E[Y (a, L ("), M(a, L(a)))] = E[Y(a)]

Go to page 1
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Figure 10: example of an unidentified effect
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