Average Causal Effect Estimation in DAGs with Hidden Variables: Extensions of Back-Door and Front-Door Criteria

Anna Guo and Razieh Nabi

Dept. of Biostatistics & Bioinformatics, Emory University

% EMORY

UNIVERSITY

_ Motivation _________________________J§ Esmaton

» |dentification theory for causal effects in ADMGs is well developed but
methods for estimation are still limited.

» Existing estimation approaches suffers from computational challenges,
under-explored asymptotic property, and may produce estimates outside
of the target parameter space.

» A more flexible and robust estimation approach is needed.

Back-Door & Front-Door Models
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Figure 1: (a) Back-door model; (b) Front-door model (DAG); (c) Front-door model (ADMG).

@[Yao], ag € {O, 1}

Target parameter. ¢, =

Identification functional.

tha(P / y ply | a, x) p(x) dy dx. (back-door)

Va,(P //Z (Y | m,a, x) p(al x) p(m| ag, x) p(x) dm dx.

(front-door)
Efficient influence functional (EIF).

H(A = ao)

o(P) = oy (Y ~ELY [ 20.X]) + E[Y | 0. X] - va(P).  (back-door
- pM|an X))\, .. I(A = ap) B
d(P) = o(M | A, X) {Y —E[Y | M,A X]} (@ | X) {&(M, X) — 0(X)}

+ n(A, X) — 0(X) + 0(X) — 4(P). (front-door)
Genealogical Relations in Acyclic Directed Mixed Graphs (ADMGs)

>» 7T X—>A—-M-—>Y Topological ordering of variables in Figure 1(c).
> pag(0) =10, € O| O — O} Parents of O,.
> pag(0)={0,€ O| O — O} Children of O,.
» disg(O)) = {Oj xox Oj oo O O e disg(O)) District of O;.
> mpg(Oi) =1{0; <, O; | O; € disg(O;) U pag(disg(O;))} Markov pillow of O..

Identification via Primal Fixability Criterion
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Figure 2: (a) A and Y share the same district; (b) A and Y belong to different districts.

In an ADMG G(O), O; € O is primal fixable if chg(O;) N disg(O;) = 0.

» Treatment primal fixability < the causal effect of Aon O\As
identified[2].

bay(P) = E[p(an mes(A) [ APy [mpg(y).an) T dP(ac | mpg(z1).az)
ke’

+ K [H(A = ao) Y] :
(7‘: A— 2?1-—% s — sz-—% \/;

ao = ai If O; € disg(A) & ap otherwise.)

ha(P) = { [ - E [a(y | mpgA(Y), ay) | mpgA(Z), azk} .

Plug-in Estimator

+ I (]I(A = ao) Y)
Example w/ front-door model 7: X - A— Zi(M) —» Y
1. E(Y | mp AY),ay): Y ~ M+ A+ X, prediction under A = ay = a
2. %21 (X): E(Y | Y,ay) ~ A+ X, prediction under A = a7, = ag
3. R {‘%)21} — ,1_727:1 ‘9/5\)21 ()(l)
4. E(I(A=a0)Y) = ;5 21 (A = &) Y
» First-order bias:

¢a0(/5) = Y(P) — PCD(/:") -+ Rg(ﬁ, P) (von Mises Expansion).
first-order bias remainder term

» Efficient influence function ®(P)[1]
Sa(P) = (A = ay) sy (mpgA(¥)) { Y — s(mp5 (V). av) |
+ Z — aZk %Zk(mpg <(Zk))

e
X {%Zlﬂﬂ (mpgA(ZkJﬂ )7 aZk+1) o ‘@Zk(mpgA(Zk)’ aZk)}

+{I(A = ay) — n(a | mpg(A))} %z (mp;”(Z1), ao)
+ m(ar | mpg(A)) #z,(mpg(Z1), @) + I(A = ao) Y — ¥a,(P) ,

where
fék(ZZk ’Irq?g ( ) élzk)
ka(Zk | mp;*(Z). 1 — az) m(&o | mpg(A))

HM,EMZK fir (Mi, mp (M) Z € disg(A)
Fa(mpg(A)] L ec g afi(Li mp; (L)) Zk ¢ disg(A).

EIF based One-step estimator

m(ay | mpg(A))

12 (Zk, mpg"(Zk)) = . fa(mpg(A)) =

Rz, (mpg(Zk)) = <

» Estimate {u, %7, - - - %z } via sequential regression
» Estimate density ratio directly or via Bayes’ rule:
p(M|a,X) plao|M X) plai]|X)

fz(m, a, x) = = |
20 o a0, X)  plan | M.X) " plas| X)

» One-step estimator:

2 (Q Z g9(0

where g(O) denotes the functional derlved by excluding —v4,(P) in ®4(P).

Targeted Minimum Loss Based estimator (TMLE)

» Get initial nuisance estimates Q — {ii, %y, {%z,, Bz N2k € 7}}

» Update Qto Q* via targeting procedure, ensuring that
P,®(Q*) = op(n~1/?)

» TMLE

1 \
ValQ =EZ{ (a1 | mpg(A) 5 (mpgA(Zy). az) + (A = @) Y;}

| mpéA(Z1)v 321} }

Asymptotic Properties & Robustness Behaviors

Second-Order Remainder Term
Forany Q = {ji, %y, {%z7,%7¥Z € #}}, we have:

RU@.Q) = 3" [ {97z, ~ Az} mps(20) x %2, — iz} mp;?(20). z) HP(mpg?(2). az)

Zkeff

/ {9y — v} (mpg2(y)) % L — i} (mpg?(y). ay) dP(mpg2(y), ay)
+— Z[H a)Yi] — E[[(A=ay)Y] .

Asymptotic Imearlty X
Assume ||t — p|| = (n~ /P, |[fg — f3l] = op(n~"/™), and
£ — o || = op(n~"/"%), || Bz, — #z,|| = op(n~'/P%), for all Zx € .

The one-step estimator and TMLE are both asymptotically linear if
1. L4+ L >1 vZoc randVZ € z.7 st. az # az,

Iz tbﬁ( — 2
1 1 1

2. = byZZ,\V/ZEﬁQyS’[ az#ay,
1 1 1

3. ra I bZk > \V/Zk E M

Consistency

The one-step estimator and TMLE are consistent estimators for 4, If

1. ||#z — #z]|| = op(1) or |\?§i — f7|| = 0p(1), V4 € z and VL € 7.7, s.t.
az, 7 az, A

2. || — pl| =op(1) or ||f; —17]| = 0p(1), VL € # s.t. az # ay

3. |2z, — #z]|| = op(1) or ||fs — fi]| = 0p(1), VZx € M .

Example w/ front-door model: The estimators are consistent if (i) (x4, Zz,)
or (ii) (7, f5) is consistently estimated —- Doubly robust estimators.

Implementation via £1lexCausal package in R

> library(flexCausal)
> est <- ADMGtmle(a=c(1,0),data=data_fig_4a, vertices=c('A"','M','L"','Y",'X"),

+ bi_edges=1list(c('A","'Y")),

+ di_edges=1list(c('X"' A ), cC'X","M"), c('X","'L)),c('X",'Y"), c('M",'Y"), c('A","M"),
+ cC'A","'L"), CC'M','L'), cC'L", "Y',

+ treatment="A", outcome_ Y',

+ multivariate.var1ab1es = list(M=c('M.1",'M.2")))

The treatment is not fixable but is primal fixable. Estimation provided via extended front-door adjustment.
TMLE estimated ACE: 1.94; 95% CI: (1.31, 2.57)

Onestep estimated ACE: 1.94; 95% CI: (1.32, 2.56)

The graph 1is nonparametrically saturated. Results from the one-step estimator and TMLE are provided, which
are i1n theory the most efficient estimators.
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https://github.com/annaguo-bios/flexCausal

	References

