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Motivation

▶ Identification theory for causal effects in ADMGs is well developed but
methods for estimation are still limited.

▶ Existing estimation approaches suffers from computational challenges,
under-explored asymptotic property, and may produce estimates outside
of the target parameter space.

▶ A more flexible and robust estimation approach is needed.

Back-Door & Front-Door Models
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Figure 1: (a) Back-door model; (b) Front-door model (DAG); (c) Front-door model (ADMG).

Target parameter. ψa0 := E[Y a0], a0 ∈ {0,1}

Identification functional.

ψa0(P) =

∫
y p(y | a0, x) p(x) dy dx . (back-door)

ψa0(P) =

∫∫ 1∑
a=0

E(Y | m,a, x) p(a | x) p(m | a0, x) p(x) dm dx .

(front-door)
Efficient influence functional (EIF).

Φ(P) =
I(A = a0)

p(a0 | X )
(Y − E[Y | a0,X ]) + E[Y | a0,X ]− ψa0(P). (back-door)

Φ(P) =
p(M | a0,X )

p(M | A,X )
{Y − E[Y | M,A,X ]} +

I(A = a0)

p(a0 | X )
{ξ(M,X )− θ(X )}

+ η(A,X )− θ(X ) + θ(X )− ψa0(P). (front-door)
Genealogical Relations in Acyclic Directed Mixed Graphs (ADMGs)
▶ τ : X → A → M → Y Topological ordering of variables in Figure 1(c).
▶ paG(Oi) = {Oj ∈ O | Oj → Oi} Parents of Oi.
▶ paG(Oi) = {Oj ∈ O | Oi → Oj} Children of Oi.
▶ disG(Oi) = {Oj ∈ O | Oj ↔ . . .↔ Oi}. Oi ∈ disG(Oi) District of Oi.
▶ mpG(Oi) = {Oj ≺τ Oi | Oj ∈ disG(Oi) ∪ paG(disG(Oi))} Markov pillow of Oi.

Identification via Primal Fixability Criterion
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Figure 2: (a) A and Y share the same district; (b) A and Y belong to different districts.

In an ADMG G(O), Oi ∈ O is primal fixable if chG(Oi) ∩ disG(Oi) = ∅.

▶ Treatment primal fixability ⇔ the causal effect of A on O\A is
identified[2].

ψa0(P) = E
[
p(a1 | mpG(A))

∫
y dP(y | mp−a

G (y),aY )
∏

Zk∈Z

dP(zk | mp−a
G (zk),aZk)

]
+ E [I(A = a0)Y ] .

(τ : A → Z1 → · · · → Zk → Y ; aOi = a1 if Oi ∈ disG(A) & a0 otherwise.)

Estimation

Plug-in Estimator

ψa0(P) = E

{
E
[
· · ·E

[
E(Y | mp−A

G (Y ),aY ) | mp−A
G (Zk),aZk

]
︸ ︷︷ ︸

BZk

· · · | mp−A
G (Z1),aZ1

]
︸ ︷︷ ︸

BZ1

}

+ E (I(A = a0)Y )

Example w/ front-door model τ : X → A → Z1(M) → Y
1. Ê(Y | mp−A

G (Y ),aY ): Y ∼ M + A + X , prediction under A = aY = a1

2. B̂Z1(X ): Ê(Y | Y ,aY ) ∼ A + X , prediction under A = aZ1 = a0

3. Ê{B̂Z1} = 1
n

∑n
i=1 B̂Z1(Xi)

4. E(I(A = a0)Y ) = 1
n

∑n
i=1 I(Ai = a0)Yi

▶ First-order bias:
ψa0(P̂) = ψ(P)− PΦ(P̂)︸ ︷︷ ︸

first-order bias

+ R2(P̂,P)︸ ︷︷ ︸
remainder term

(von Mises Expansion).

▶ Efficient influence function Φ(P)[1]

Φa0(P) = I(A = aY ) RY
(
mp−A

G,≺(Y )
){

Y − µ(mp−A
G (Y ),aY )

}
+

∑
Zk∈Z

I(A = aZk) RZk

(
mp−A

G,≺(Zk)
)

×
{

BZk+1(mp−A
G (Zk+1),aZk+1)− BZk(mp−A

G (Zk),aZk)
}

+ {I(A = a1)− π(a1 | mpG(A))} BZ1(mp−A
G (Z1),a0)

+ π(a1 | mpG(A)) BZ1(mp−A
G (Z1),a0) + I(A = a0)Y − ψa0(P) ,

where

f r
Zk
(Zk ,mp−A

G (Zk)) =
fZk(Zk | mp−A

G (Zk),aZk)

fZk(Zk | mp−A
G (Zk),1 − aZk)

, f r
A(mpG(A)) =

π(a1 | mpG(A))
π(a0 | mpG(A))

RZk(mp−A
G,≺(Zk)) =


∏

Mi∈M≺Zk
f r
Mi
(Mi,mp−A

G (Mi)) Zk ∈ disG(A)

f r
A(mpG(A))

∏
Li∈L≺Zk\A f r

Li
(Li,mp−A

G (Li)) Zk /∈ disG(A).

EIF based One-step estimator

▶ Estimate {µ,BZ1, · · ·BZk} via sequential regression
▶ Estimate density ratio directly or via Bayes’ rule:

f r
Z1
(m,a, x) =

p (M | a0,X )

p(M | a1,X )
=

p (a0 | M,X )

p (a1 | M,X )
× p(a1 | X )

p (a0 | X )
.

▶ One-step estimator:

ψ+
a0
(Q̂) =

1
n

n∑
i=1

g(Oi),

where g(O) denotes the functional derived by excluding −ψa0(P) in Φa0(P).

Targeted Minimum Loss Based estimator (TMLE)
▶ Get initial nuisance estimates Q̂ = {µ̂, R̂Y , {R̂Zk, B̂Zk∀Zk ∈ Z }}
▶ Update Q̂ to Q̂∗ via targeting procedure, ensuring that

PnΦ(Q̂∗) = oP(n−1/2)

▶ TMLE

ψa0(Q̂
∗) =

1
n

n∑
j=1

{
π̂∗(a1 | mpG(Aj)) B̂

∗
Z1
(mp−A

G (Z1j),aZ1) + I(Aj = a0)Yj

}
.

Asymptotic Properties & Robustness Behaviors

Second-Order Remainder Term

For any Q̃ = {µ̃, R̃Y , {R̃Zk, B̃Zk∀Zk ∈ Z }}, we have:

R2(Q̃,Q) =
∑

Zk∈Z

∫
{R̃Zk − RZk}(mp−a

G,≺(zk))× {BZk − B̃Zk}(mp−a
G (zk),aZk) dP(mp−a

G (zk),aZk)

+

∫
{R̃Y − RY}(mp−a

G,≺(y))× {µ− µ̃}(mp−a
G (y),aY ) dP(mp−a

G (y),aY )

+
1
n

n∑
i=1

[I(Ai = a0)Yi ]− E[I(A = a0)Y ] .

Asymptotic linearity
Assume ||µ̂− µ|| = (n−1/bY), ||f̂ r

A − f r
A|| = oP(n−1/rA), and

||f̂ r
Zk
− f r

Zk
|| = oP(n−1/rZk), ||B̂Zk − BZk|| = oP(n−1/bZk), for all Zk ∈ Z .

The one-step estimator and TMLE are both asymptotically linear if
1. 1

rZi
+ 1

bZk
≥ 1

2 , ∀Zk ∈ Z and ∀Zi ∈ Z≺Zk s.t. aZi ̸= aZk ,

2. 1
rZi
+ 1

bY
≥ 1

2 , ∀Zi ∈ Z≺Y s.t. aZi ̸= aY ,

3. 1
rA
+ 1

bZk
≥ 1

2 , ∀Zk ∈ M .

Consistency
The one-step estimator and TMLE are consistent estimators for ψa0 if
1. ||B̂Zk − BZk|| = oP(1) or ||f̂ r

Zi
− f r

Zi
|| = oP(1), ∀Zk ∈ Z and ∀Zi ∈ Z≺Zk s.t.

aZi ̸= aZk ,
2. ||µ̂− µ|| = oP(1) or ||f̂ r

Zi
− f r

Zi
|| = oP(1), ∀Zi ∈ Z s.t. aZi ̸= aY ,

3. ||B̂Zk − BZk|| = oP(1) or ||f̂ r
A − f r

A|| = oP(1), ∀Zk ∈ M .

Example w/ front-door model: The estimators are consistent if (i) (µ,BZ1)
or (ii) (f r

Z1
, f r

A) is consistently estimated =⇒ Doubly robust estimators.

Implementation via flexCausal package in R

Simulation Studies: Example w/ Figure 2(a)
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