Weighting-Based Identification and Estimation in Graphical Models of Missing Data
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Motivation Causal irrelevancy

» Widely used missing data tools, such as MICE and Amelia, typically
rely on the missing-at-random (MAR) assumption.

» Missing-not-at-random (MNAR) mechanism is common in practice,
complicating identification and valid analysis.

» A practical framework is needed to unify identification, estimation, and
iInference over diverse missing data models, including MNAR models.

Missing Data DAG Models

» X ={Xy, -+, Xk}: variables with missing values,

» R={R¢,---,Rk}, R = 1: observed, R; = 0: missing,

> ={X{, - X} X = X it Re=1,and X; =7 if R, = 0.

» Missing data DAG models: distributions p(X, R, X*) that factorizes as:

II P(Rx I pag(Rx)) x
RxeR

[T p(Xk | pag(X;)) x
XKEX X;EX*
= p(Ak =1 | pag(Rk))-
» Missingness mechanism: p(R | X), Full law: p(X, R),

Target law: p(X), Observed data law: p(X*, R).

> . we focus on mDAGs with an unrestricted target law, imposing
assumptions only on the missingness mechanism.

\ 4

Propensity score: mx(pag(Rk))

> . identify the target law, which is possible if 7| p_1 is identified for
each R, € R:

p(X) =p(X,R=1)/p(R=1]X).

Associational irrelevancy

(a) (b)

Figure: (a) mDAG for the “block-conditional MAR” model [2]; (b) mDAG for the
“block-parallel” model [1]. Target law is identified by associational irrelevancy.

» Missing variables in pag(R) are the main challenge in identifying 7.
S¥={R; € R: X; € pag(R)}.
» Associational irrelevancy relies on the local Markov property:
Ry L ndg(Rk) \ pag(Rk) | pag(Ak)
1. Fig. 1(a): 1 = p(Ry = 1| Xo, Ro). Let S = { Ro}. 7r1|51r:1 is identified.

2. Fig. 1(b): m1q = p(R1 =1 | X5) =p(Ry =1 | X5, Ao = 1). Thus, S.f = ;
74 IS identified.

(counterfactual-induced selection set)

[I P(Xg [ pag(Xy)):

R
/7%?7;%\\\Fh

Rie=—R| [Ri=1 R VAR AY
l l l Ry R> R> R3
X: X X:OXr X2 X2 X ¢\
: 2 2 : 2 3 4 R R,
(a) (b) (c) (d)

Figure: (a, c) mDAGs illustrating causal irrelevancy; (b) Conditional mDAG for (a) showing
the intervention on Ry; (d) Tree structure corresponding to target law identification in (c).

» Identification complicates when Si contains descendants of Ay.

R’i — S,)(( Ndeg(Rk). (problematic set)

» Associational irrelevancy fails for indicators in Rf(’.

» Causal irrelevancy serves as an alternative, which explores
iIndependence relationships in post-intervention distributions.

> ConSider F|g 2(3): T = p(Fﬁ = 1|R2) and m = ,O(Rg = 1|X1)
o [mol: R = {Rq}. ma = p(Ro = 1|1X;,do(Ry = 1)) is identified (S5 = 0).
p(X7, X2, Ro| do(R1)) = p(X, B =1, R2)/m1(R2).

(post-intervention distribution)

» Intervention on Ry imposes selections defined by the selection set.
Sk = S,)(( U S,C. (selection set)

» Consider Fig. 2(c):

— p(R1 =1 ‘ X47 R2)7
Ty = ,D(R3 =1 ‘ X1, R4),

o (11, mo|is identified, with S; = {R4} and S, = 0.

o [m3]: Rg = {R4}. Three strategies for placing interventions:
Ry (51 = {R4}): S = {Ra}; m3lsr—1 = P(R3|Xy, Ry = 1,do(Ry = 1)).
. RQ (52 — @) Sl = 0; T3 = p(R3|X1, R4, R-] — 1,dO(R2 — 1))
Viii. Ry, Rp: S = {Ry4}. Algorithm proceeds with maximal interventions.
intervening on Ry is inadmissible, as Sy = { R4} selects on Ry.

O T4

o To handle Rff = {R3}, we intervene on R3 and re-identify its
propensity score after pruning the intervention on Ry: S3 = { R; ,%}.

o Intervene on Ry to remove selection from S3, given that R4 1. Ry | Xj5.
» Selection from Ry propagates to A3 following the rule:

Sjik =SjN pag(Rk). (selection propagation rule)

General Identification Algorithm

» |dentify propensity scores sequentially in any given mDAG.
» Track selection bias and characterize its propagation.
» Determine which interventions require pruning.

Estimation and Inference

» Inverse propensity weighted estimating equations for each my.
» To estimate 3| Sh=1 with parameter 63, define IPW weight:

Ws(0r,) = | 1R =1)/mi(pag(R:); 6:)|sr—1, where Ts = { R, Re}

RicT3
o Estimate 65 by solving

P.W3(X*, R; 03,07,) = 0, where

V3(X*, R;03,07,) = 1(Ry = 1) Ws(0r,) fa(pag(Rs)) { Rz — ma(pag(Rs); 03) }.
o Alternatively, use weighted regression:

Rs ~ pag(Rs), with weight = T(Rs = 1) Wa(d7,).

» The variance of d3 has a sandwich form. Let 6; = (6:, 62, 65) and

WU (03) = (Vq, Vo, V3).
Vn (03 — 03) ~ N0, V3), Vs = A;'Bs(A;"Y,
As = E{0W3(03)/003} and Bs = E{W(0,) W «(6,)'}.
= Target-law functionals can be estimated similarly: e.g. 0; =

0 = —-1{ Il/m[mg

RieR

where

EK)%):
|5r 1} X3) where R = {R4, R3, R1}

Simulation: Mean Estimation
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Implementation via the £1lexMissing R package

library (flexMissing)
G <— make.graph (obs_variables = c{(),
missing_variables = c('X1', 'X2"',"X3",'X4"),
missing_indicators = c¢('R1','R2',"R3", "R4"),
di_edges = list(c('R4','R3"),c('R3','"R2"),c('R2",
c('X1'",'"R3"),c('"X3",'"R4"),c('X4",

'R1"),
'R1Y)))
# check target law ID
ID <— f£.ID_algorithm(G)
plot (ID)

# estimate propensity scores

propensitys <— f.propensity (graph=G,data=data, ID=1ID)

clique <- find_clique (G,data, propensitys, est_R='R3'") # find cal R
est <- mean (data$X3xcliqueSmagic_weight) # estimate E(X3)

# The target law 1s identified.
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